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ABSTRACT

 The temperature dependent equation of state (EOS) is developed in the present work to 
analyze the thermo-elastic properties of solids. The new EOS is formulated by modifying the pressure 
dependent form of EOS reported recently by the present authors to explain the elastic behavior of 
nanomaterials. The values of thermal expansion are calculated for NaCl as an example using the 
newly formulation under varying temperature conditions from 298 K -773K and compared with the 
available experimental data. An excellent agreement is obtained between the calculated results and 
the experimental data. The model is extended for the study of bulk modulus and thermal expansion 
coefficient of NaCl over the temperature range 298 K to 773K. The results so calculated are found 
in close agreement with the experimental data. Further the model is applied to study the volume 
compression in NaCl solid over the pressure ranging from 0 to 30 GPa at different isotherms. The 
calculated values of compression are achieved in excellent agreement with the experimental data. The 
present model theory is thus applicable to explain the thermo-elastic properties of solids satisfactorily 
under high temperature and high pressure.
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INTRODUCTION

 It is of great importance in geosciences 
to explain the thermo elastic behavior of minerals, 
ionic and metallic solids, alloys etc present in deep 
interior of the earth under high pressure and high 
temperature conditions. It helps in disclosing the 
secret facts about the evolution and dynamics of the 
earth. The structure, stability, atomic and molecular 
interactions in the material due to different pressure 
and temperatures modifies the physical properties 

of the solid materials. Also the physical properties of 
solids are greatly influenced by its sizes and shapes 
and inturns effect the geo physical processes1, 2, 3.

 Thermodynamical study of solids under 
varying temperature and pressure conditions has 
widespread applications in physics, engineering 
and material sciences and predicts the mechanical 
aspects of solid materials under high pressure and 
high temperature. The equation of state (EOS) is 
a thermodynamical relation which explains the 
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dependence of one variable on other variables4,5. 
An equation of state can be applied successfully to 
explain the behavior of solids under varying pressure 
and temperature and helps to obtain the extrapolated 
values in the regions where the experimental 
data are not available6,7. Several theoretical and 
experimental studies have been performed during 
past8-16 to explain the behavior of solids under varying 
temperature pressure conditions. However, there is 
always a scope for the better approach which may 
be more efficient and applicable to predict the better 
results and therefore a more efficient equation of 
state is required to explain the temperature and 
pressure dependent anharmonic behavior of solids 
under extreme temperature and pressure conditions.  
With this objective, we have formulated a pressure-
volume-temperature dependent thermodynamic 
equation of state in the present study. The equation 
of state so developed is employed for the analysis 
of thermoelastic properties of NaCl, as an example 
to verify its applicability. The reason for considering 
the NaCl crystal as an example because of the fact 
that it has simple structure and remains stable up to 
the pressure of about 30 GPa and has a very high 
melting temperature of 1074 K. It is, therefore, widely 
used as a pressure and temperature calibrant17, 18. 
Moreover, the experimental data are easily available 
for NaCl and therefore, the calculated results could 
be compared to check the validity and applicability of 
the present theoretical approach. The methodology 
is described in section 2 and the results obtained are 
discussed in section 3.

Method of Analysis
 The Suzuki EOS based on Gruneisen 
theory of thermal expansivity19,20 reads as follows:

 ...(1)
 Excluding the thermal effect, the equation 
in terms of Pressure P is expressed as:

 ...(2)
 The expressions for the bulk modulus (B) 
and its first order pressure derivative (B¢) obtained 

from Suzuki EOS (eq. 2) can be written as:

 ...(3)

...(4)
 which gives  on applying the 
thermodynamic boundary condition at P=0; , 
instead of  , therefore, Suzuki EOS (eq. 2) is not 
mathematically and thermodynamically consistent. 

 The modified form of pressure dependent  
Suzuki equation of state formulated by Goyal and 
Gupta21 is obtained by considering the pressure 
variation with respect to change in volume (  up 
to quadratic term as follows:
  ...(5)

 where  are the constant 
parameters. Vo is initial volume at P = 0 and V/Vo is 
the volume compression. 

 The expression of bulk modulus  is 
obtained on differentiating equation (5) w.r.t. volume 
as follows:

  
...(6)

 Applying the initial boundary conditions in 
equation (5) and equation (6), i.e. B = Bo, V=Vo at 
P = 0; the constants  are calculated as 
follows:                                                                                            

  
...(7)

 
 Substituting the values of  
from eq. (7) in equation (5), the pressure dependent 
equation of state formulated by Goyal and Gupta 
EOS21 is of form:

...(8)
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Fig. 1: Temperature dependence of volume 
expansion at p=0 in NaCl

Fig. 2: Variation of Bulk modulus 
at different temperatures in NaCl

Fig. 3: Variation of volume thermal expansion 
coefficient with temperature in NaCl

Fig. 4: Volume compression versus 
pressure at T=298k

Fig. 5: Volume compression versus 
pressure at T=373 k Fig. 6: Volume compression versus 

pressure at T=473 k

 The expression for bulk modulus so 
obtained using equation (7) in equation (6) is as 
follows:

 ...(9)
 And its first order pressure derivative is 
obtained as follows:               

                                                                                                        

 ...(10)

 which gives  on applying the 
thermodynamic boundary condition at P=0; 
, therefore, equation (8) is thus mathematically and 
thermodynamically consistent.
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Fig. 7: Volume compression versus 
pressure at T=573 k

Fig. 8: Volume compression versus 
pressure at T=673 k

Fig. 9: Volume compression versus 
pressure at T=773 k

 The inverted form of isothermal equation 
(8) in terms of volume compression is expressed 
likewise:

 ...(11)
 Equation (11) is isothermal equation of state 
in terms of volume compression.

 To make the eq. (11) as temperature 
dependent equation of state, the pressure applied 
on the solid must be expressed as under4:

 ...(12)

 where  is the internal thermal pressure 
arises due to the application of external pressure on 
solid22. 

 Substituting P from eq. (12) to include the 
thermal Effect in equation (11), we get:

...(13)

 ...(14)

 where  is coefficient of thermal expansion; 
 is room temperature and  is some elevated 

temperature.

 Using equation (14) in equation (13) at 
P=0, the isobaric form of new equation can now be 
expressed as follows:

...(15)

 Considering , obtained in equation 
(15); the expression for bulk modulus in terms of 
change in volume is found as follows:

 ...(16)
 It is assumed that the product of volume 
thermal expansion coefficient (áT) and the bulk 
modulus (BT) is constant at constant temperature23, 
i.e.
ao Bo= aT BT 
 and therefore, the volume thermal expansion 
coefficient is expressed as follows:

 ...(17)
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 The new equation of state at variable 
pressures-temperatures is thus obtained as 
follows:

...(18)
RESULTS AND DISCUSSIONS

 To test the validity and applicability of the 
present equation of state, the volume expansion is 
studied in NaCl crystal over the temperature range 
298K- 773K under zero pressure conditions using 
isobaric equation (15). The input data needed for the 
calculation at room temperature and zero pressure 
are taken as: 

 24 GPa4;  5.54;  

 The calculated values of thermal expansion 
(V/V0) obtained by using the isobaric EOS (equation 
15) at different temperatures are compared with the 
experimental data and shown in figure 1. It is clear 
from the figure 1 that the results found in the present 
study are in good agreement with the available 
experimental data and encouraged to calculate the 
values of thermal expansion coefficient and bulk 
modulus under high temperature too.

 The values of bulk modulus and thermal 
expansion coefficient (TEC) calculated from modified 
equation (16) and equation (17) are shown in figures 
2 and 3 respectively. The results so obtained are 
compared with the experimental values4, 14 which 

present a very close agreement. It is noted from 
figure 2 that the trend of variation of bulk modulus 
is in decreasing order with increasing temperature 
which is a normal trend in solids. However, 
thermal expansion coefficient (TEC) increases with 
temperature as shown in figure 3.

 The present model theory is further applied 
to analyze the volume compression in NaCl over 
the pressure range from 0 to 30 GPa at different 
isotherms. The values calculated by using the 
equation (18) are shown in figures 4-9 along with 
the experimental data. It can be noted from figures 
4-9 that our results are in close agreement with the 
available experimental data.  

 It is pertinent to mention here that the 
results achieved in the present study from the 
modified Suzuki equation of state as derived 
by Goyal and Gupta21 is mathematically and 
thermodynamically consistent and predicts values 
at high temperatures, successfully. However, original 
Suzuki equation of state19, 20 yields imaginary values 
at high temperatures and is not capable of explaining 
the thermal expansion coefficient at T >736 K at 
P=04. The calculated values of thermal expansion 
coefficient and bulk modulus of NaCl crystal thus 
justify the quasi -harmonic approximation. On the 
basis of overall analysis and a close agreement of 
our theoretical results with the experimental values 
validates the present theoretical approach which 
may be useful for the researcher working with high 
temperature and high pressure studies.
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